When vectors shoot at the Centres of a Triangle ….

Yue Kwok Choy
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Introduction
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This article aims to find the vector forms of five classical centres of a triangle. It is assumed that the reader has learned a basic course of vector algebra.  We use  A , B, C  to denote the position vectors 
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 of the three vertices of the triangle. Similarly, we use  X  to denote the position vector 
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 of any point  X.  We use unbold italic  A, B, C  to denote the angles of the triangle ABC  and  a, b, c  the length of the sides opposite to the angles  A, B, C  respectively.
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2.
Centroid  (G) 
(Refer to Figure 1)

Since  BD : DC = 1 : 1, we have
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Since  AG : GD = 2 : 1, we have
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3.
Some preliminary results :  
(Refer to Figure 2, 3 below)
(a)
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 , where  Orthocentre (H),  Circum-centre (O)

Proof



We get around the problem a bit. We suppose 
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 and then show that  H  
is the orthocenter.



Since  O  is the circum-centre,  
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and  
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(
H  is the orthocenter.

If we can take the circum-centre (O) as origin and we simply write   H = A + B + C  
(b) 
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Let  R  be the radius of the circum-circle.  By (3),
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For simplicity, we take (A, (B, (C to be acute angles. Same result can be got with obtuse angle. (note 1)
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Since 
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 are non-parallel, we can let
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  , where  (, (, (   are constants.

We then form a triangle with sides :
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Note that  
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By comparing the right diagrams of Figure 2 and Figure 3 ,



(U = (BHR = 180o – ((
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Similarly,   (V = (B,  (W = (C



By sine law on (UVW, 
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where  R1  is the radius of circum-circle enclosing  (UVW.
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By (4),
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4.
Orthocentre  (H)

Since from (5),   
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Solving,
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Reader may check similar result,   
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The above results (6) and (7) are good even if  O  is not the cirum-centre, but any assigned origin.

5.
Circum-centre  (O)
(Refer to Figure 2, 4)

We still take  O  to be the circum-centre but with respect to any origin  X . 

We like to show that   
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We use the same technique as before and take  
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We can form a triangle  UVW with sides 
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(U = 180o – ((
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Similarly,  (V = 180o – 2 (B , 
(W = 180o – 2 (C

By sine law on (UVW,  
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 , where  R1  is the radius of circum-circle enclosing  (UVW.
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Since  
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Now, 
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The reader may check similar result:
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6.
In-centre  (I)

(Refer to Figure 5 , 6)

We like to show that   
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We use the same technique as before and take  
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We can form a triangle  UVW with sides  
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(U = 
180o – ((
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where  R1  is the radius of circum-circle enclosing  (UVW.
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  , where  r  is the radius of the in-circle.
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Similarly,  
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7.
Ex-centres
(E1 , E2 , E3)

With similar method of proofs, the three ex-centres, formed by angle bisectors of exterior angles, can be found:
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Note :

(1)
For more detailed results and discussions, please refer to my site:
http://www.qc.edu.hk/math/index.htm .
(2)
The author would like to thank Ms. Chan Lap-lin, Head of the Department of Mathematics at Queen's College, for her careful 
proof-reading, 

Figure 2





Figure 3





Figure 1





Figure 5





Figure 4





Figure 6








3

_1272175846.unknown

_1272176112.unknown

_1272264180.unknown

_1272345958.unknown

_1272346263.unknown

_1272346273.unknown

_1272346620.unknown

_1272346008.unknown

_1272346214.unknown

_1272345986.unknown

_1272345760.unknown

_1272345826.unknown

_1272264466.unknown

_1272261692.unknown

_1272262630.unknown

_1272262726.unknown

_1272264167.unknown

_1272262742.unknown

_1272262649.unknown

_1272261843.unknown

_1272261921.unknown

_1272261863.unknown

_1272261840.unknown

_1272261767.unknown

_1272261467.unknown

_1272261532.unknown

_1272261436.unknown

_1272177273.unknown

_1272175880.unknown

_1272175896.unknown

_1272175923.unknown

_1272175930.unknown

_1272175933.unknown

_1272175940.unknown

_1272175926.unknown

_1272175903.unknown

_1272175920.unknown

_1272175899.unknown

_1272175885.unknown

_1272175889.unknown

_1272175882.unknown

_1272175862.unknown

_1272175865.unknown

_1272175858.unknown

_1272175769.unknown

_1272175787.unknown

_1272175808.unknown

_1272175813.unknown

_1272175802.unknown

_1272175781.unknown

_1272175786.unknown

_1272175775.unknown

_1272175752.unknown

_1272175757.unknown

_1272175765.unknown

_1272175756.unknown

_1272175733.unknown

_1272175748.unknown

_1271838126.unknown

_1271838221.unknown

_1271836760.unknown

